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Abstract: The purpose of this paper is to give oscillation criteria for the third order nonlinear
differential equation with daming term

[a2(8) {(a1 ()" (1) }]" + p(1)x" (1) + éqi(t)f(x(gi(t))) =0,

by using Riccati trasformatiom teqnique and comparison with first order differential equation whose
oscillatory characters are known. Our results generalize and improve some known results for
oscillation of third order nonlinear differential equations. Some examples are given to illustrate the
main results.
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1. Introduction

In this paper, we are concerned with the oscillation of third order nonlinear differential equation
with damping term

n

[a2(O){(ar ()x'(1)}]" + p(D)x'(8) + ) qi(t) f (x(8:(1))) = O, ey

i=1

where the following conditions are satisfied

(A1) ay(t), ax(t) p(t) and q (1) € ([000)

, (0,00));
(A2) f € C(R,R)suchthatxf(x) >0, f'(x) > 0forall x # 0and —f(—xy) > f(xy) > f(x)f(y) for
xy > 0;

(A3) g(t) € C'([to,),R) for t € [ty, o0) and tli_)rtr;g(t) = o0.

We mean by a solution of equation (1) a function x (f) : [ty,00) — R, ty > ty such that
x (t), ar(t) (x' ()™, ax(t){ (a1 (t)(x'(t))*1)' }*2 are continuously differentiable for all t € [t,c0) and
satisfies (1) for all t € [ty,00) and satisfy sup{|x (t)| : t > T} > 0 for any T > t,. A solution of
equation (1) is called oscillatory if it has arbitrary large zeros, otherwise it is called nonoscillatory.
In the sequel it will be always assumed that equation (1) has nontrivial solutions which exist for all
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to > 0. Equation (1) is called oscillatory if all solutions are oscillatory. In fact, Tiryaki and Aktas [20]
studied the oscillation of third order nonlinear differential equation with damping term of the form

(aat) [ (%' ()]') + PO (8) + (1) (x((6))) = 0, @

under the condition g(t) < t. Aktas et al [6,7] established some sufficient conditions for the third order
nonlinear differential equations with damping term

’ !
(aat) [ (D2 ()])') + PO (1) + q(0)f (x(1) = 0,
and (2) without the condition g(¢) < t. A number of sufficient conditions for oscillation were obtained
,fork=1,2
/ a, ' (t)dt = oo, 3)
to
Therefore it will be great interest to estabilsh oscillation criteria for equation (1) for both of the cases
(3) and
/ a H(t)dt < co. (4)
fo
By using Riccati transformation technique and a comparison with some first order differential equation
whose oscillatory characters are known. Our results will improve and extend results in [7,20] and
many known results.

2. Main Results

Before stating our main results, we start with the following lemmas which will play an important
role in the proofs of our main results. We let,

stte) ¢ = [ arl(o)do, o(t) = /twa,;l(v)dv,k:m
Bt to) —/a2 s)ds, g(t) := min(g1(£), g2(£), o, gn(£))
Lemma 1. Suppose that
aa(t) (1)) + 2220 =0 ®)

is nonoscillatory. If x is a nonoscillatory solution of (1) on [T, c0), T > to, then there exists a ty € [T, 00) such
that either x(t)x'(t) > 0 or x(£)x'(t) < 0 for t > t.

Proof. Suppose that equation (1) has a nonoscillatory solution x on [to,oo). Then, without loss
of generality, there is a t; € [tp, o0), sufficiently large such that x (t) > 0 and x (g(¢f)) > 0 on
[t1,00) . Clearly, y(t) := —ay (t) (x'(t))"" is a solution of the second order nonhomogeneous differential
equation

n
oa(0) /)] + 2y = )1 e, ©
i=1
We claim that the solution (6) are nonoscillatory. Suppose not, let y is oscillatory solution (6) with
consecutive zeros at b and ¢ (# < b < ¢) such that y'(b) > 0 and y/'(c) < 0. Let z be a solution of
(5). Multiply (6) by z(t) and using (5), we obtain

n

z(H)[ax(t) (v ()] = a2 (t) (2'())y (1) = Yo 2(t)qi(1) f(x(8i(1))),

i=1
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It can be written as follows

n

(a2(1)z(1)y' (1) — aa(1)2 ()y (1) = Y1 2(D)ai (1) f (x(gi (1)),

i=1

Integrating the above inequality from b to ¢, we get a contradiction. The proof is complete.

Lemma 2. Assume that

(H1) Either -
/ ay L (t)dt = oo,
fo
or
/t (ﬂz—l(s) (Z/t (g« (r) + p«(r)) dr)) ds = oo,

0 i=17to

where
q«(t) = qi(t) f(62(g(1))) f(0(8(¢), t2)),

and

ps(t) = p(t)éa(t)ar (1),

3of11

@)

)

hold for g(t) > T. Let x(t) be an eventually positive solution of the equation (1) such that x' (t) > 0. Then

there existsa T > to such that

(ar(t) (x'(£)))" > 0and [az(t){(ar(t) (x'())) "} <O.

Proof. Pick t; > to such that x(g(t)) > 0, for t > t;. Since x (t) is an eventually positive solution of
the equation (1) such that x’ (t) > 0 for all ¢ € [ty, o). From equation (1), (A1) and (A3), we have

[a2(){(a1 (1) (x'(1)))'})" <0,

forall t > t1. Then ay(¢) (a1(t) (x/(t)))’ is strictly decreasing on [t1, c0), so either (aq(¢) (x'(¢)))’ > 0 or
(a1(t) (x'(#)))" < 0. We claim that (a1 (t) (x/(#)))’ > 0 on [t,00). If not, then, we have, a; () (x'(t))is

strictly decreasing on [t;, 00) and there exists a negative constant M such that
a(1){ (a1 (t)(x'(t)))'} < Mforall t > t,.

Dividing by a;(t) and integrating from #; to ¢

n (O 0) < ar(t2) (¢(12) + ME [ a5

ta

Letting t — oo, and using (7) then a1 (¢) (x'(t)) — —oo, which contradicts that x’(t) > 0. Otherwise, if

(8) is satisfied, we have

x(t) —x(t3) = /t x' (u)du

v

(a1(t) (x'(t))) /tal_l(u)du, fort > t3,

and hence

x(t) > (ag(t) (x'(1))) /t a;Y(u)du fort > ts.

t3
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There exists a t4 > t3 with g(t) > t3 for all t > t4 such that

x(g(t) = y(g(t)o(g(t), t3) fort > ty.

where y(t) := a1 (t) (x/()). It is clear that y(t) > 0 and y/(t) < 0. It follows that

—ax(t)(y' (1)) = —a2(ta) (¥ (ta)) for t > ty,

thus

!
—y/(t) > CYAC P t> .

ax(t)

Integrate the above inequality from ¢ to oo, we get

y(t) = —ax(ta)y'(t4)o2(1),

then,
y(t) 2 kidy(t), for t>1ty ©)
where k1 := —ap(ts)y'(ts) > 0. There exists a t5 > t4 with g(t) > t4 for all t > t5 such that
y(g(t)) > ki62(g(t)) forall t>ts. (10)

The inequality (9) yields
() (¥ (1) > k& (1),

that is
X (t) > (kioa(t))ay (1)

From Eq.(1), (10), (A2) and the above inequality, we get, for t > 1,4,

0 - <a2<t><y'<t>>)’+p<t>x'<t>+iqiu)f(x(gi(tm

> (@) (1) + p(O)x' (1) + fx(g(£) Y- qi(t)

i=1
> (a2 (1)) + p(t) (kada(t))ay (1)

n

+/(y(g(1)))f (8(g(t), 13)) ;qi(t)~ (11)

By integrating the above inequality from f5 to t, we get

() (2 [ .00+ kap. ) dr)

where b := f(k;). Integrating the above inequality from t5 to co, we get

/: (‘12_1(5) Lﬁl /t: (bgs(r) + k1ps (1)) dr]) ds

< y(ts) < oo,
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which contradicts the condition (8). The proof is complete. [

Lemma 3. Assume that p

'(t) < 0 hold. Let x(t) is an eventually positive solution of the equation (1) for all
t € [to, 00) such that x'(t) < 0.

If

n t

; thjg . qi(s)ds = oo, (12)
and (H2) Either -
/ ay ! (t)dt = oo, (13)
to

or o u
/ a; ! (u) (/ az_l(s)ds> du = oo, (14)

to t

are satisfied. Then x(t) — 0as t — co.

Proof. Pick t; > tg such that x(g;(t)) > 0, (i =1,2,...,n) for t > t;. Since x(t) is positive decreasing
solution of the equation (1) then, we get, tlim x(t) =13 > 0. Assume I; > 0, then, x(g;(t)) > 1, (i =
—00

1,2,..,n) for t > t; > t;. Integrating equation (1) from #; to t, we find

2O ((@() (¢(0)) < e~ xple) = - [ [0l (9) 9/ ()]

where ¢ = ay(1){ (1 (t1) (' (1))} + x(1)p(t1). It follows that

™=

a0 ()} < e f0) - [ (o,

and hence
ay(H){(a1(t) (x'(1)))'} = —c0ast — oo. (15)

So, (a1 (t) (x'(t)))" < 0 such that

a1 (t) (X' (t)) <ar(tr) (x'(t2)) =k <O.

Dividing by a4 (t) and integrating from #; to t, we get

x(t) < x(t2) + k/ttafl(s)ds.

Letting t — oo, then (13) yields x(t) — —oo this contradicts the fact that x(#) > 0. Otherwise, if (14) is
satisfied. From (15), we have, for A < 0

ar(O){(ar (1) (x'(1))} < 4,
for sufficiently large t. Dividing by a,(t) and integrating the above inequality from t; to ¢, we obtain
t
ar(t) (X' (1)) < A [ ay'(s)ds,

)

Dividing by a1 (t) and integrating from t; to ¢, we have

x(t) < x(t2) + A/tafl(u) (/u azl(s)ds> du.

Let t — co. From condition (14), we get x(t) — —oco which contradicts the fact that x(¢) > 0. Then
lim x(t) =0. O

t—o0
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Theorem 1. Let (H1), (H2), p'(t) < 0,(12), ¢'(t) > 0 on [ty, o0) hold and equation (5) is oscillatory. If the
first order delay equations
Y8 +p1By(H) + (D f(y(8() =0, (16)

is oscillatory where

and .
q1(t) == zqi(f)f (/tog(t) al—l(s) [/t: azl(u)du] ds) ,

then equation (1) is oscillatory or tends to zero as t — oo.

Proof. Pick t; > tg such that x(g;(t)) > 0, (i = 1,2,...,n) for t > t;. Since x (t) is an eventually
positive solution of the equation (1) for all t € [ty, o0). Then, from Lemma 1, it follows that x’(t) > 0 or
x'(t) < 0.Ifx'(t) > 0 from Lemma 2, we have, (a1 (t) (x'(¢)))’ > 0and [az(t){(a1(t) (x'(¢)))'}]’ <O, for
all t > t;,then

ay (t) (x'(t))

I
1)
iy
—~
~
N
~—
—
=
~
—
~
N
~—
~—
+
—
N -~
IS
N
—_
—
©»
~—
<
—~
192)
~—
2
»

> y(t) /t: ay ' (s)ds,

where y(t) := ax(£){(a1(t) (x'(t)))'}. It follows that

X (t) > a (Hy(t) {/t: az_l(s)ds} ) (17)

Integrating the above inequality from t; to t, we get

x(t)

v Y
ﬁ —
~ =

N— &

—
> =

~~

_ [¥5)

—_ S~—"

<

O

~— N~—
1
— \m

x

NQ\ N
—_ =

~~

= =

~— E

& =
.

=

There exists t3 > t such that g(f) > t; for all ¢ > t3. Then

x(g(t)) > y(g(t)) /g(t) a; ' (s) [/s azl(u)du] ds, forall t > t3.

t 5]

Thus equation (1) and (A2) yield, for all t > t3

—y'(t) = Y ai(t)f(x(gi(1)) +p()x'(t) = iqi(f)f(x(g(t))) +p(H)x'(t)

Y
2
N

-

S~—
-
—
<
~~
oqQ
—

-

S~—
~—
=
~~

N
T
2
=

—

—~

v5)
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—
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m
N
—
—~
=
N—
[
=
—_
2
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The function y(t) is obviously strictly decreasing. Hence, by [19, Theorem 1] there exists a positive
solution of equation (16) which tends to zero this contradicts that (16) is oscillatory. If x' () < 0 from
Lemma 3, we get x(t) tends to zero as t — 0. The proof is complete. [

The next results is obtained by using Riccati transformation technique.

Theorem 2. Let g(t) < t, (H1), (H2), p'(t) < 0,(12), @ > K > 0 hold and equation (5) is oscillatory.
Furthermore, assume that there exists a positive differentiable function p € C'([to, ®),R) for sufficiently large
t1 such that

(¢/(5) — pS)p(s)ar (1P (s, )
10(5)8/ )y (5(1)Br (3(5), o)

noot
limsup ) /to gi(s)p(t) — ds = oo, (18)

t—o0 =1

Then every solution of equation (1) is oscillatory or tends to zero as t — oco.

Proof. Pick t; > ty such that x(g;(t)) > 0, for t > t;. Since x (t) is an eventually positive solution
of the equation (1) for all ¢ € [ty, c0). Then, from Lemma 1, it follows that x’(¢t) > 0 or x'(t) < 0. If
x'(t) > 0 from Lemma 2, we have, (a1(t) (x/(t)))" > 0 and [ax(t){(aq(¢) (x'(¢)))'}]’ < 0, for all
t > t. Define the function w(t) by

Then

W) = A0Sl L () ~ p() (1)

IN
=
~
o | =20
—~| "
= —
~—
Nt
|
1=
=
— ~
~~
=
-
—~
=
Y
oQ
—
-~
N
=
=
[
=
—~
~
=
R\
—
~~
=

x'(g(t))

(AVARAYS
[
=
—_
~~
oQ
—~
~~
~—
~—
=
—_
~~
oQ
—~
—
~—
~
~
N
~—
<
—~
~
~—
N

(19)
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where y(t) :=ap(t){(a1(t) (x'(t)))’'}, ¥'(t) < 0. From the above inequality and (17), we obtain

W) < KL a0 - 2O 0B,y + 0 0

o] x(g(1)) *(3(t))
1 /
) Dm0, 2)p0)s (1)
Thus
<-KY g Jo(t) — B(E)wA(1),
where ’(t) .
_p /
a(t) = £ = p(0ay (01 (112) and B(1) = s/ (e (5(1)Bal3(1), o)
and hence
© < —KFamp (') = PRI B4 1)
SR = 4p<t>g'<t>a;1<g<t>>ﬁ1<g<t>,tz>
2
'(t) — P(t (t)B1(t, t2)
— [ /BHw(r) - - )
(F 2 /o(g (Day ((0)Br(g(0), 1)
Thus

2
" (') = p(Hp(Bar (B (1, 12))
KL B (g (50 )

Integrating the above inequality from f; to ¢, we have

(05) ~ pp(s)ay (B1(5,12))°
10(5)8' Gy (3(0)Br(3(5), 12)

noot
w(t) < w(t) - ) [ | Kailo)p(s) -
i=1""%2
Letting t — co. By the condition (18), we get w(t) — —oco which contradicts the fact that w(t) > 0.
When x'(t) < 0. All conditions of Lemma 3 are satisfied. Then x(t) — 0 as t — co. The proof is
complete. O

Let n = 1 Theorem 2 generalize and completes Tiryaki and Aktas [20, Theorem 1].

Theorem 3. Let (H1), (H2), p'(t) < 0,(12), f'(x) > L > 0 and equation (5) is oscillatory. Furthermore,
assume that there exists a positive differentiable function p € C*([to, 0),R) for sufficiently large t such that

2
[ (') = p(s)p(s)ar (5)Ba (s, o))
lim su ; - ds = oo,
il P B R T e e NPT A 20

Then every solution of equation (1) is oscillatory or tends to zero as t — oo.

Proof. Pick t; > tg such that x(g;(t)) > 0, (i = 1,2,..,n) for t > #;. Since x (t) is an eventually
positive solution of the equation (1) for all € [tg, c0). Then, from Lemma 1, it follows that x’(t) > 0 or
x'(t) < 0.Ifx’(t) > 0 from Lemma 2, we have, (a1(t) (x/(t)))’ > 0and [ax(t){(a1(¢) (x'(¢)))'}]’ <0, for
all t > t. Define the function w(t) by
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Then

It follows from equation (1), g(t) < g;(t)

W) < PO a0 fx(s) - pHr (0]

where
a(t) := f)((tt)) — p(t)ay ' ()B1(t t2) and By () := p(Lt)g’(t)al1(g(t)),81(g(t),t2),
and hence
: : (o/(6) — (e ()81 (112))
Wit < ) e D )P &)
2
) ( o GGG ()ﬂl(t,tz))) |
2\/p(t)Lg'(Hay (5(1)B1(3(8), 12)
Thus

. (0/(6) ~ p(0)p(t)ar (P (1, 12))°
B = = L ae )+ e D B g (1)

Integrating the above inequality from f; to ¢, we have

(¢/(5) — p(©)p(s)ar (OBa(s, 1))
4Lp(s)g' (s)ay ' (8(1)Br(8(s), 12)
Letting t — co. By the condition (20), we get w(t) — —oco which contradicts the fact that w(t) > 0.

When x'(t) < 0. All conditions of Lemma 3 are satisfied. Then x(t) — 0 as t — oo. The proof is
complete. O

S.

w(t) < witz) = [ (L a(s)e(s) -

Let n = 1 Theorem 3 generalize and improve Aktas et al [7, Theorem 1].

Example 1. Consider the third order delay damped differential equation

1 1 t 2t

(tx’(t)) o () + e ((2) 13 (X)) =0, £ 2 1 1)
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We note that
1 .
f(x) = x a(t) = 7 a(t) =1, g; == (2i — 1)é!,
it ,
gi(t) = 3 < t,i=1,2,¢(t) >0, tlgglo Qi (t) = oo,
and

/ ay N (u)du = oo, ay M (u)du = co.
1

we note that

—z(t) =0 (22)

is nonoscillatory and it easy to see that (12) and (18)hold. Then all conditions of Theorem 2 is satisfied then
every nonoscillatory solution of Eq.(21) tends to zero as t — oo.

Funding: This research received no external funding.
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