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Abstract: The purpose of this paper is to give oscillation criteria for the third order nonlinear neutral
differential equation

a2 (){ (ar () ((x () + p(O)x(T(£)))")'}2)" + q(£) f (x(g(t))) = 0.

Via comparison with some first order differential equations whose oscillatory characters are known.
Our results generalize and improve some known results for oscillation of third order nonlinear
differential equations. Some examples are given to illustrate our results.
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1. Introduction

In this paper, we are concerned with the oscillation of third order nonlinear differential equation

() {[ar (1) (2'(5)™) 3] +a(t) f(x(3()) =0, @
where z(t) := x(t) + p(t)x(7(t)) and the following conditions are satisfied

(A1) aq1(t), ax(t), p(t)and g (t) € C([to,00), (0,00)), 0 < p(t) < 1;
(A2) ay, ap are quotient of odd positive integers;
(A3) f € C(R,R)suchthatxf(x) >0, f/(x) > 0forall x # 0and — f(—xy) > f(xy) > f(x)f(y) for

xy > 0;
(A4) g(t) € C'([to, ) ,R), g(t) < t, fort € [ty,) and tlirn T(t) = tlim g(t) = oo.
—00 —00
We mean by a solution of equation (1) a function x (t) : [ty,0) — R, ty > ty such that

z(t), a1(t) (2'(+))™, aa(t){ (a1 (t)('(t))*)'}*2 are continuously differentiable for all t € [ty, o) and
satisfies (1) forall t € [ty, o) and satisfy sup{|x (¢)| : t > T} > 0 forany T > t,. A solution of equation
(1) is called oscillatory if it has arbitrary large zeros, otherwise it is called nonoscillatory. In the sequel
it will be always assumed that equation (1) has nontrivial solutions which exist for all ty > 0. Equation
(1) is called oscillatory if all solutions are oscillatory. In the last few years, the oscillation theory and
asymptotic behavior of differential equations and their applications have received more and more
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attentions, the reader is referred to the papers [1]-[18] and the references cited there in. In fact, Grace
et al [12] studied the third order nonlinear differential equation of the form

(a(t) (x"(5)") +q(t) f(x(8(1))) = 0. ©)

by comparing equation (2) with a pair of first order delay differential equations. They show that the
oscillation of both of these first order equations implies the oscillation of equation (2). Baculikova and
Dzurina [7] investigate oscillatory behavior of solutions of equation (2), which extended and improved
the results given in [12]. Baculikova and DZurina [6] considered the third order nonlinear neutral
differential equation of the form

[a(){(x(t) + p(t)x(z(£))"}"] +q(6) f(x(3(t))) =0, ®)

where g(f) < t. Our aim is to investigate the oscillatory criteria for all solutions of equation (1) with
the case, fork = 1,2

/too aﬁ(t)dt = o0, )

0

By using a Riccati transformation technique and new comparison principles that enable us to deduce
properties of the third order nonlinear differential equation from oscillation the first order nonlinear
delay differential equation.

2. Main Results

The following lemmas will be needed later.

Lemma 1. [6, Lemma 2.11] Suppose that x(t) is nonoscillatory solution of (3) such that @ is bounded.
Assume that the corresponding function z(t) satisfies lim;_; o0 @ = L. If, in addition,

lim p(t) = p« € (0,1), ©)
. T(t
then |
lim & =

toeo t 14 puo

Lemma 2. [6, Lemma 2.12] Let (5) holds. Suppose that x(t) is nonoscillatory solution of (3) such that % is

bounded. Assume that the corresponding function z(t) satisfies lim;_,co % =LIf

A
- AT() _
tll)I};lo A(t) - UO < o, p* Ox 7& 1/ (7)
then |
lim x(t)

t—o0 A(t) - 1+ p*O'Ql

1

where A(t) := ft'; tz a, 2 (s)dsdu.

Before stating our main results, we start with the following lemmas which will play an important
role in the proofs of our main results.

Lemma 3. Assume that (4) holds. Let x(t) be an eventually positive solution of the equation (1). Then there
existsa T > tq such that either

1) 2/ (t) >0, (ar(t) (Z/(#))*) > 0forallt > T;or (2) 2’ (t) <0, (ay(t) (z/(+))")" > O0forall t > T.
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Proof. Pick t; > tg such that x(g(t)) > 0, for t > t;. From Eq. (1), (A1) and (A3), we have

[a2(){(ar (1) (2'(1))™)'}*]" <0,

for all + > t;. That is ap(t) (ay(t) (z/(t))™)’ is strictly decreasing on [t,0), and thus z’ (t) and
(ay(t) (Z'(t))*") are eventually of one sign. We claim that

() Z®)") >0,

on [t1,00). If not, then, we have two cases.
Case 1. There exists t, > t, sufficiently large, such that

Z(t)>0 and (a1(t) (Z'(t)™) <0 fort>ty,
thus, aq(t) (/(t))""is strictly decreasing on [t5, 00) and there exists a negative constant M such that
ay(£){ (a1 ()2’ ())*1) }*2 < M for all t > t,. Dividing by a,(t) and integrating from ¢, to , we obtain

1

1 _1
a1 (8)(Z' ()" < ar(t2) (Z'(t2))" + M™ / a, " (s)ds.
ty
Letting t — oo and using (4) then ay (¢) (z/(t))"! — —oo which contradicts that z'(#) > 0.
Case 2. There exists tp > t3, sufficiently large, such that
Z(t) <0 and (a(t) (Z'(t)™) <0 fort>ty,
which implies that
ai(t) (2 (1) < ay(ta) (Z'(R))™ =k <.
Dividing by a1 (t) and integrating from #; to t, we get
1ot =L
2(t) < z(ts) + ko / a, M (s)ds.
)

Letting t — oo, then (4) yields z(#) — —oo this contradicts the fact that z(f) > 0. Then, we
have (a;(t) (2/(t))™)" > 0 for t > t; and of one sign thus either 2’ (£) > 0or 2’ (t) < 0. O

The next result deals with the case 7(t) < ¢ . Define

1 _1

B(t,T) ::/Tal_ﬂ(s) [/Tsazalz(u)durllds, Bi(t,T) == /T a % (u)du

Theorem 1. Assume that 0 < p(t) < p < 1and (4) hold. If the first order delay equation

1

y'(6) + () f(y 2 (8(5))f (1= p(8(1))))f (B(8(£),T)) =0, ®)

is oscillatory and

1
aQ

/:al_“ll(v) [/Uooaz“é(u) </uooq(s)d5>

then every solution of equation (1) is oscillatory or tends to zero as t — oo.

ay
du] dv = oo, )

Proof. Assume (1) has a nonoscillatory solution. Then, without loss of generality, there is a f; >
to, sufficiently large such that x (t) > 0 and x (g(¢)) > 0 on [t,0). From equation (1), (A1) and (A3),
we have

[a2(){(ar (1) (2'(£))™)'}*2]" < 0
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for all + > t. That is ax(t) (ay(t) (2(#))")" is strictly decreasing on [t;,00) and thus
(ar(t) (Z/(t))*) and 2/ (t) are eventually of one sign. By Lemma 3, we have one of the following
cases, for t, > t1, is sufficiently large

M2 (1) >0, (@ (t) (Z(5)") >0,

)2/ (t) <0, (a(t) (2(1))")" >0,

From Case 1, we have, for t > t,

2(F) > ay " (1) yaiea () [/t: az_“z(s)ds] " (10)

Integrating the above inequality from f; to ¢, we get

J— 1 s — 1
z(t) > /t a; "t (s)y 2 (s) [/t a, (u)du] ds
J 12 2
1
> yhr2 (H)B(t ).
There exists t3 > t, with ¢(f) > t; for all t > t3 such that

1

2(g(#)) =y (g(£))B(g (), ta)- (11)

Since z'(t) > 0 and 7(g(t)) < g(t), then

) (12)
The above inequality and (11) yield

x(g(t) = (1 —p(g(t)) y(g(t))B(g(t), ta)-

From equation (1) and (A3), we have
—y'(£) = q(6) f(x(g(t)))
> q()f (1 - p(8(6)))) £y (3(1)f (B8 (1), 2)) .
Integrating the above inequality from f to oo, we get

u(t) = [ a0 = (9(s))F (1~ p((s)D)F (Blg(s), 1) .

The function y(t) is obviously strictly decreasing. Hence, by [18, Theorem 1] there exists a positive
solution of equation (8) with tlim y(t) = 0 which contradicts that (8) is oscillatory.
—00
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For the Case 2. Pick t; > ty such that x(g(¢)) > 0, for t > #;. Since x (t) is an eventually positive
solution of the equation (1) for all € [ty,o0) and 2’ () < 0, then tlim z(t) = 11 > 0. Assume that
— 00

I1 > 0, then, for any € > 0, we have I + € > z(t) > I, eventually. Choose 0 < € < @, we get

x(t) = z(t) — p(H)x(z (£))

> 1—pz(t(t))
>1—p(l+e€) > kz(t) (13)
where, k := l_’l?il:‘?) >0, z(g(t)) > I; for t > t4 > t3. Integrating equation (1) from ¢ to oo, we obtain

[e0)

az () { (a1 (t) (2'()")'}* Z/t q(s)f(x(g(s)))ds

> [ a(e)f(ka(g(s)ds.

It follows from (A3) that

1

() )Y = sy o 0) ([ ators)

Integrating the above inequality from f to oo, we get

—Z/(t) > ib [/tooaz_kl(u) </uooq(s)ds>a12du]al.
i

where b := (f(k)f(l)) oy By integrating the last inequality from f4 to co, we have

N

2t > [ e (o) [ / "0, () ( / wq(sms) K du] " o

ty

This contradicts to the condition (9), then tlim z(t) = 0.Since 0 < x(t) < z(t) then lim x(t) = 0. The
—00

t—oco
proof is complete. [J
Remark 1. When ay(t) = 1 and wy = 1, Theorem 1 is reduced to [6, Theorem 2. 4].
Example 1. Consider the third order delay differential equation
1 1t 1 1 t
[H (5 ((x(t) +5x(3))35) Y] + 2 f(x(5) =0, t > 1. (14)
t 23 t 2
We note that
t
fW)=y ()= 3<b
_f ' tim f
g(t) 2<t’g(t)>0’tli>r§og(t)_ll>r§oz_°°’
and .
ﬂl(t) == t72' aZ(t) = t/ X1 = g/ Xy = 5/
and
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It easy to see that condition (9) holds and Eq.(8), reduces to
v (t) + % (b1 + byt5 — byt7V/5 4 pyt57/5 — pst®3/5 4 b 5975 — b7t11) y (;) = 0. (15)
where b; > 0,i =1 — 7. On the other hand, Theorem 1 guarantees the oscillation of (15). Since

t/b 1
lim t <Sl + b2814 - b3356/5 + b4562/5 _ b5S48/5 + b6554/5 _ b7510) ds > S

oo J L
t— £

Then equation (15) is oscillatory and according to Theorem 1 every nonoscillatory solution of Eq.(14) tends to
zero ast — oo.

When 7(t) > t, we obtain the following result.

Theorem 2. Let ¢'(t) > 0 on [ty, o0) and (4) hold and there exists a function & (t) such that

()20, 8(t) > tandn(t) =g(E (S (1)) <t (16)
If the first order delay equations
Z(H) + () f 72 (2((n (1)) =0, (17)
where,
-1 o) —.L () N
) =a O o = @[ a6 (0 pla(e)) o)),

is oscillatory. Then every solution of (1) is either oscillatory or limsup |x(t)| = oo.
t—o0

Proof. Assume (1) has a nonoscillatory solution. Then, without loss of generality, there is a f; >

to, sufficiently large such that x (f) > 0 and x (g(¢)) > 0 on [t1, o) . From equation (1), (A1) and (A3),
we have

[a2(5){(a1(t) (2 ()™)'}*2]" <0
for all + > #. That is ax(t) (ay(t) (2/(#))")" is strictly decreasing on [t;,00) and thus

(a1(t) (Z/(t))") and Z/(t) are eventually of one sign. Then, from Lemma 3 we have, one of the
following cases

M2 (1) >0, (ar(t) (2'(1))™)" >
@2 (1) <0, (ar(t) ('(1)™)" >
For the Case 1. Since z (t) > 0 and Z' (t) > 0 then tan;o z(t) = oo and from the definition of z(t), we

have limsup |x(t)| = .
t—o0
For the Case 2. Since 2’ () < 0 and 7(t) > t, we obtain

x(t) =z(t) — p(t)x(t(t)) = z(t) — p(t)z(7(t)) = z()(1 - p(t)).
There exists t3 > tp with g(f) > t; for all t > t3 such that
x(g(t)) = z(g(t))(1 = p(g(t))).

Thus equation (1) and (A3) yield

—la2(H{(a1() ('()™)'}*2]" = a(t)f(x(g(1)))
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By integrating the above inequality from ¢ to {(t), we get

PR ()
Ot (& 0)"))2 > fEE) [ a6 (- pl)ds

t
then,

(@1(6) (D)) = a5 = (0% GEEON([ 96 (1~ p(a)) o).

Again, integrate the above inequality from ¢ to ¢(t), we obtain

—ay(t) (Z'(1)"

gt —L 1 .
> [f az”(u)f“((g(é‘( >>>></ 9(5)f (1= p(g(s)))) ds) = du
> % a(r(0) / / ~ p(g(s)))) ds) " du

It follows that,
1

—Z'(t) = g () f 12 (z(n(1)))-
Hence, by [18, Theorem 1] there exists a positive solution of equation (17) with tlim z(t) = 0 which
— 00

contradicts that (8) is oscillatory. O

When a1 (t) = 1 and a; = 1, Theorem 2 is reduced to [6, Theorem 2. 10].

Lemma 4. Suppose that x(t) is nonosczllatory solution of (1) such that * ( ) is bounded. Assume that the
corresponding function z(t) satisfies hm ( = L. If (5) and (6) hold then

lim @ = : .
t—oo t 14 pyos

x(t)
B(£T)

Lemma 5. Let (5) holds. Suppose that x(t) is nonoscillatory solution of (1) such that is bounded. Assume

that the corresponding function z(t) satisfies hm 0N} If

o BUET) —
. B(x(®),T)
tlgg BL,T) =0p <00, ps0x #1, (18)
then ) l
. X
TS B

Theorem 3. Let (5)-(7) hold. Assume that all condition of Theorem 2 are satisfied. Then every nonoscillatory
solution x(t) of (1) satisfies one of the conditions:

FROI_ s )

e B(HT) fim gy ~ k>0 (19)
lim 671 x(t)| =0 and lim @] _ ki >0, (20)
t—00 t—r0c0 t

: [x(t)] - Jx(@)]

1 —= =00 and | =0, 21

e M B, T) D

where € > 0 is arbitrary.
Proof. Assume that x(t) > 0 for all t € [ty, 00). From Theorem 2 and (1), we have

2(6) > 0, 2 (1) > 0, (ax(t) (2/()") > 0, [aa()){(a () (' (1) }2) <.
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It follows that

lim az (1) { (a1 (1) (2'(1))™)'}*2 = b

t—o0

Using 1'Hospital’s rule, we get

tim 20— (i 2O EN (i o) an (1) (2 0)1) ™ =,

1

where | := ll'XTX2 .Since 0 < /;Et(,t%) < ﬁz(g%), then ﬁﬁt%) is bounded. From Lemma 5, we get

I

lim x(t)
t—o0 ‘B(t, T) 1+ P00

Therefore, if | # 0, then x(t) satisfies (19). If I = 0, then tlirn ﬁfgt%) = 0. Let
—00 ’

. / o
tlggloz (t) = 1.

By I'Hospital’s rule, we obtain

oz(t)
tlglc}o Tt tlggoz (£) =h.

If I; < oo, then by Lemma 4, we get

i KB b
toe0 B(t,T) 1+ puoy

That is x(t) satisfies (20). If /1 = oo, then by Lemma 4, we have

x(t)

limsup —= = o0
t—ro0

Thenx(t) satisfies (21). O
Example 2. Consider the third order delay differential equation
((x(t) + 2B PYY) 4 (5 =0, 1> 1 2)

We note that

FW) =y T =3t > 180 = 3t>1,

_t / : —im L
g(t)—4<t,g (t) >0, tILTOg(t)_tILr?o4_w,
and
a(t)—la(t) la 3, 0p=1/3
1 _t/ 2 t2/ 1 , B2 — ’
and

y'(t) +ct%y (?é) =0. (23)
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where ¢ > 0. Since , .

lim (cs%> ds > —,

t—o00 % e
then (23) is oscillatory according to [17, Theorem 2.1.1]. By Theorem 3, every nonoscillatory of (22) satisfies one
of the conditions (19)- (21)

Now, when 7(t) > t, we obtain the following result using the Riccati transformation techniques .

Theorem 4. Let ¢'(t) > 0on [ty, o), aqan =1, f(uu) > K >0, (4) and (9) hold. Furthermore, assume that
there exists a positive function p such that

t

. "% (s) _
limsup | (q(” (1= plgleD) - 4p<s>g'<s>ﬁ1<g<s>,T>> ds =0 -

1
1 L

1 1 @
where B1(g(t), T) :=a; "' (g(t)) {ff?(t) a, " (s)ds} ' , for g(t) > T. Then every solution of equation (1) is

either oscillatory or tends to zero as t — oo.

Proof. To the contrary assume that equation (1) has a nonoscillatory solution. Then, without loss of
generality, there is a f1 > tg, sufficiently large such that x (f) > 0 and x (g(#)) > 0 on [t1, ) . From (1),
(A1) and (A3), we have [ay(£){(a1(t) (z'(t))")'}*%2])' < 0 forall t > t;. Then ay(t) (ay(t) (z/'(t))™)" is
strictly decreasing on [t;,00) . That is (a1 (t) (z/(t))*')’ and 2z’ (t) are eventually of one sign. By Lemma
3 we have, one of the following two cases, for t; > t1, is sufficiently large

(1) 2/ (t) >0, (a(t) (Z'(#))*) >0,

()72 (t) <0, (ar(t) (Z'(£))*) >0,

Case 1. In this case, define the function w(t) by

Then

From (10) there exists t3 > t, with g(t) > t; for all t > t3 such that

1

Z'(g(t) = P1(g(t), 2)y"%2 (g(t)),
where y(t) := ax(t){(a1(t) (z/(t))*") }*2. Since y’ < 0, g(t) < t, we get

1

Z'(g(t) = Br(g(t), )y 12 (¢).
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From the above inequality and (12), we obtain

W (1) < —Kq(t) (1 - p(g(1))) + Lo

—ﬂ;mfmm@mmmww>
Thus
/ 2
/(1) < —Kq(t) (1= pls() + & ) ~g' (Oa(s(0), 1),
_ p"%(t)
= KO =pEOD+ e (0 (300, 2)
2
¢ ®Bi(s(t), 1) o)
( oy W 2w)gmm<mm)
and hence

/ ) ) pIZ(t)
wit) = =Kq()) 1= pR(O) + 25718, 510,12

Integrate the above inequality from #; to f, we have

— ! S — S - .0/2(5) s
() <wit) ~ [ (K96) 06D - gt )

Letting t — co and using (24), we get w(t) — —oo which contradicts that w(t) > 0. O

Consider the third order delay differential equation

1

G0 + 2B YY) +PF(x(5) =0, £> 1. 25)
We note that
f)=y t(t)=3t>t p(t) =1,
() =5 <t g (1)>0, lim g(t) = lim > =
Also,
a1(t) = 2, ap(t) = t, &y = 1/3, a = 3,
and

It is easy to see that (9) and (24) are hold. Then every nonoscillatory solution of equation (25) tends to
zero ast — oo.

Funding: This research received no external funding.
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